The existence of mean-variance efficient positive portfolios -portfolios with no negative weights -is a key requirement for equilibrium in the Capital Asset Pricing Model (CAPM). Brennan and Lo (2010) define an "impossible frontier" as a frontier on which all portfolios have at least one negative weight. They prove that for randomly drawn covariance matrices the probability of obtaining an impossible frontier approaches 1 as the number of assets grows. Impossible frontiers are also found when the empirical sample parameters are employed, regardless of the specifics of the sampling method. These results seem like a deadly blow to the CAPM. Here, we show that while sample (or randomly drawn) parameter sets almost surely lead to impossible frontiers, slight variations to the parameters, well within their estimation error bounds, lead to frontiers with positive portfolio segments. Parameter sets leading to possible frontiers are somewhat like rational numbers on the real line: they occupy a zero-measure of parameter space, but there is always one close by. In reaching a mean/variance equilibrium, asset prices should change slightly from any randomly chosen set to a nearby set that produces a positive segment of the efficient frontier and is thus consistent with the CAPM.
Introduction
One of the central implications of the Capital Asset Pricing Model (CAPM) is that the market portfolio is mean-variance efficient. As the market portfolio is by definition a positive portfolio (i.e. all the portfolio weights are positive), the CAPM equilibrium requires the existence of a positive mean-variance efficient portfolio. The existence of such a portfolio, or lack thereof, has therefore attracted a great deal of research interest (among others, see Roll (1977) , Rudd (1977) , Roll and Ross (1977) , Green (1986) , Green and Hollifield (1992) , Best and Grauer (1985, 1992) , Jagannathan and Ma (2003) , and Levy and Roll (2010) ).
Green (1986) derives analytical conditions for the existence of positive efficient portfolios, and argues that these conditions conform to economic intuition about the tradeoff between risk and return. However, empirical studies have almost invariably failed to find a positive portfolio on the efficient frontier constructed from the sample parameters (Ross (1980) , Gibbons (1982) , Jobson and Korkie (1982) , Levy (1983) , Shanken (1985) , Kandel and Stambaugh (1987) , Gibbons, Ross, and Shanken (1989) , Zhou (1991) , and MacKinlay and Richardson (1991) ). Furthermore, various standard shrinkage corrections to the sample parameters do not help in this regard.
In a recent paper, Brennan and Lo (2010, henceforth B&L) make a strong argument against the existence of positive efficient portfolios when the number of assets is large. They define an "impossible frontier" as a frontier on which all portfolios have at least one negative weight, and they ingeniously prove that if the covariance matrix is randomly draw from some parameter space the probability of obtaining an impossible frontier converges to 1 as the number of assets grows. They also show that empirically estimated parameter sets invariably lead to impossible frontiers. The B&L paper thus seems like a definitive final word on the subject, and a fatal criticism of the CAPM.
In this comment we show that while the probability of an impossible frontier converges to 1 with the number of assets, a slight adjustment to the return parameters, well within their estimation error bounds, suffices to yield a segment of positive portfolios on the efficient frontier. Thus, even though parameter sets leading to possible frontiers occupy a zero-measure of parameter space, as B&L prove, given any random parameter set, there is usually a parameter set nearby that yields a possible frontier. In this sense, parameter sets leading to possible frontiers resemble rational numbers: the probability of randomly sampling one from the real number line is zero, but for any point on the real number line there is always a rational number nearby.
Moreover, a possible frontier is likely in equilibrium. A mean/variance optimizing representative investor would attempt initially to hold one of the portfolios on B&L's impossible frontier, which necessarily contains short positions in some assets. But in shorting those assets, their prices will be driven down. Similarly, allocating more than 100% of wealth to the non-shorted assets will cause their prices to rise. This implies that expected returns (and possibly covariances) will change from the original B&L random values. In equilibrium, the representative investor must hold a positive position in all existing assets. This cannot happen until prices move enough to produce a possible frontier; i.e., a standard CAPM frontier with a segment of totally positive portfolios. We show here that prices do not have to move very much to achieve that equilibrium.
Methods
The main idea in our approach is to start with a given sample parameter set (or a parameter set randomly drawn from some parameter space) and to find the parameter set which is on the one hand as close as possible to the sample set, and on the other hand ensures that the efficient frontier includes positive portfolios. After this "adjusted parameter set" is found, we check whether it is statistically consistent with the sample set.
In general, one may consider adjustments to the expected returns, the standard deviations, and the correlations. In order to simplify the analysis we restrict ourselves here to adjustments only to the expected returns and standard deviations, and leave the correlations unchanged. Obviously, allowing for adjustments to the correlations as well would only improve the results, as it would allow many more degrees of freedom in the optimization. σ is that this distance measure "punishes" deviations in the parameters of assets with low sample standard deviations more heavily than similar deviations in assets with higher standard deviations, because the estimation error is lower for the former. Of course, one could think of other distance measures. The ultimate test of whether a set of parameters ( ) σ μ, can be considered as "reasonably close" to the sample parameters is whether one can statistically reject the adjusted parameter set given the sample parameter set, and the statistical tests employed are independent of the distance measure (1).
The optimization problem we solve is: 
where sam ρ is the sample correlation matrix (which remains unadjusted), r z is the zero-beta rate, q>0 is a constant of proportionality, and the vector ω is a vector of portfolio weights. Condition (2) implies that the portfolio given by ω is mean-variance efficient (see, for example, Merton (1972), and Roll (1977) ). Any pre-specified positive vector ω ( 0 i > ω for all i) that is employed in (2) 
Data and Results
Following B&L, we take all stocks listed on the S&P 500 in December of 1995 for which monthly return data were available for the period from January 1980 through December 2005 (312 monthly returns).
Of these stocks we randomly draw 100 stocks and analyze the efficient set. Below we give a detailed description of one typical 100-stock set, and we later provide statistics for a large number of other randomly drawn stock sets.
As explained above, any vector of positive portfolio weights, ω, that is employed in (2) ensures the existence of at least one positive portfolio on the efficient frontier. However, different ω employ 10,000 random draws of 312 returns. We find that the sampling error is larger than the adjustment required for all 10,000 draws. The average sampling error distance across the 10,000 draws is 0.0766, and the standard deviation is 0.0112. In comparison, the adjustment distance is only 0.0447. in all 10,000 bootstrap draws the sampling error is larger than the adjustment required. Figure 2 reveals that in this case the segment of positive efficient portfolios is even larger than in the value weighted case. This is not very surprising, as the optimal portfolio weights on the efficient frontier are continuous functions of the zero-beta rate employed, and the equal-weighted case represents the case where all weights are "as far as possible" from zero. The results above are for one particular random sample of 100 stocks. However, they are very typical. When we repeat the analysis for different draws of 100 stocks we find very similar results.
For 100 draws of 100 stocks we have a total of 20,000 parameters (100 sets × (100 μ 's +100σ 's)).
Of these, we find that the adjusted parameter is outside of the 95% confidence interval of its sample counterpart in only 0.85% of the cases. This again indicates that the adjustments required are typically much smaller than the estimation error.
One may suspect that the existence of a near-by parameter set leading to a positive portfolio segment depends crucially on the number of assets. After all, B&L's results are for the limit of ∞ → N . In order to examine this we repeat the analysis above for the case of 50 stocks and for the case of 150 stocks. In each case we draw 100 random sets of stocks. In the case of 50 stocks, we find that 2.76% of the parameters are outside of the 95% confidence interval of their sample counterparts.
In the case of 150 stocks the percentage goes down to 0.39%. Thus, if anything, it seems that finding a near-by parameter set that ensures a positive portfolio segment on the efficient frontier becomes easier when the number of assets increases.
Conclusion
Brennan and Lo (2010, B&L) provide a beautiful and powerful proof showing that the probability of drawing parameters that lead to the existence of even a single positive portfolio on the efficient frontier approaches zero as the number of assets increases. They show that this is also the case empirically, regardless of the sampling specifics. These are strong results, which seems to imply that the CAPM equilibrium cannot possibly hold when there are many assets.
However, this is only one part of the story. The other part is that even though parameter sets leading to possible frontiers occupy a zero-measure of the parameter space, there is always one nearby. We demonstrate this with the same empirical data employed by B&L. Like them, we find that the sample parameters lead to an impossible frontier. But we show that a slight modification of the parameters, well within their estimation error bounds, leads to a segment of positive portfolios on the frontier. Moreover, this segment can be quite large. Thus, the sample parameters are perfectly consistent with a possible frontier.
It may be instructive to think of the situation from an equilibrium perspective. Imagine first that a covariance matrix and vector of expected returns are randomly selected a la B&L. As they show, for these parameters there generally will be no positive efficient portfolio, but, as shown here, there will be a positive efficient portfolio for points "nearby" in parameter space. With the B&L random parameters, the mean/variance optimizing representative agent will want to short some assets and would not want to hold the aggregate portfolio. Yet the aggregate portfolio must be held because assets exist in positive net supply.
In attempting to short, prices of the assets being shorted will fall. Similarly, allocating more than 100% of wealth to the non-shorted assets will cause their prices to rise. This implies that expected returns (and possibly covariances) will change from the original B&L random values.
Clearly, there can be no mean/variance economic equilibrium until prices move to the point that the representative agent will be satisfied holding positive positions in all existing assets; i.e., the equilibrium will be the standard CAPM frontier with at least some totally positive portfolios. We show that prices would usually not have to move all that much to achieve this equilibrium.
In summary, while B&L's results are insightful and perfectly correct, they do not at all imply that the sample parameters are inconsistent with positive efficient portfolios. In fact, the opposite is true. So don't bury the CAPM just yet.
Appendix -Details of the Bootstrap Procedure
To carry out the bootstrap, we first adjust the empirical TxN return matrix (T monthly returns for N stocks) to create a "true" return matrix with parameters μ* and σ*. Then, we resample randomly from this return matrix and calculate the parameters (μ BS ,σ BS ) obtained in each random draw of T periods. For each draw, a "distance" is calculated between (μ BS ,σ BS ) and (μ*,σ*) and compared with the distance between (μ sam ,σ sam ) and (μ*,σ*). If the bootstrap distance exceeds the original sample distance in a large fraction of cases, one can conclude that the sample and adjusted parameters are reasonably close. 4. This distance is compared with the corresponding distance between the parameters (μ sam ,σ sam ) and (μ*,σ*). The sample parameters are shown in columns (2) and (4). The adjusted parameters that are closest to the sample parameters and ensure that the value-weighted portfolio is efficient are given in columns (3) and (5). For the sake of brevity, the table reports only the first 20 of the 100 stocks (the complete table is available at the supplementary materials section). The t-values for the expected returns are given in column (6), which shows that none of these values are significant at the 95% level (this is true for all 100 stocks). Column (7) (1) 
Figure 1
The efficient frontier derived from the adjusted parameters that ensure that the valueweighted portfolio is mean-variance efficient (the adjusted parameters in Table 1 ). The bold segment is the segment of all-positive efficient portfolios. The star marks the valueweighted portfolio.
Figure 2
The efficient frontier derived from the adjusted parameters that ensure that the equalweighted portfolio is mean-variance efficient (the adjusted parameters in Table 2 ). The bold segment is the segment of all-positive efficient portfolios. The star marks the equalweighted portfolio.
